Abstract-We propose a new finite population model for cellular mobile systems with traveling users. In this model, mobile users arrive according to a Poisson process from outside the system, independently travel in the system, and leave the system in due time. A mobile user is either in call (active) or out of call (inactive). We find that if two minor modifications are made to the model, the joint distribution of the number of calls in progress in each cell has the product form. Making the two modifications is referred to as product-form approximation in this paper. Under the product-form approximation, the call blocking probability or the hand-off blocking probability is given by the Erlang-loss formula. We evaluate the accuracy of the product-form approximation through several simulation experiments, and find that the Erlangloss formula gives accurate estimates of call-blocking probability in most of cases. Our work would give theoretical justification for applying the Erlang-loss formula to the performance analysis or channel provisioning of cellular mobile systems.
I. I Investigating the performance characteristics of cellular mobile networks has been the focus of considerable research reported in literature. The performance of cellular mobile systems is often described in terms of the probability of call blocking or that of hand-off blocking. Thus, it is crucial to find a simple method to evaluate these performance indices in order to design cellular mobile networks.
In traditional wired telephone networks, the Erlang-loss formula has been used to evaluate the call blocking probability. The Erlang-loss formula holds when new calls are generated according to a Poisson process. In wired telephone networks, calls are generated by users, the number of which is much larger than the number of available channels, and thus the call arrival rate does not depend on the number of calls in progress. Under such infinite population models, the use of the Poissonarrival assumption is appropriate. However, the infinite population model may not be applicable to cellular mobile systems because the number of mobile users (mobile units) in a small cell cannot be regarded as "infinite" compared with that of available channels. In this sense, the finite population model should be used to cellular mobile systems. Note that, due to user mobility, the number of mobile users within a cell should fluctuate over time. Most existing formulas based on finite population models like the Engset formula, however, do not take the fluctuation of the population over time into account.
Recently, Machihara proposed an analytical model for cellular mobile systems [1] . In Machihara's model, mobile users arrive according to a Poisson process from outside the system, travel independently within the system, and leave the system in due time. His model is a finite population model in the sense that the number of mobile users in a cell is always finite. He found that, in this model with a certain modification, the call blocking or hand-off blocking probability is given by the Erlang-loss formula. In addition, he showed that an insensitive property holds; the stationary distribution of the number of calls in progress depends on the dwell-time and the unencumbered-session-time distributions only through their means.
Machihara focused on a single cell, without explicitly considering the cellular networks. The aim of this paper is to extend Machihara's result to cellular networks. Machihara made a modification on his model (a hand-off user who meets with the handoff blocking immediately departs from the system) in order to analyze the system in the product-form framework. The modification made by Machihara, however, does not yield the product-form distribution in cellular networks. In this paper, we find that two minor modifications are required on the model for obtaining the product-form joint distribution of the number of calls in each cell. Making the two modifications is referred to as product-form approximation in this paper. Under the product-form approximation, the call blocking or hand-off blocking probability in each cell is given by the Erlang-loss formula. We evaluate the accuracy of the productform approximation through several simulation experiments, and find that the Erlang-loss formula gives accurate estimates of call-blocking probability in most of cases. Our work would give theoretical justification for applying the Erlang-loss formula to the performance analysis or design of cellular mobile networks.
A large number of studies have been made on the performance of cellular mobile systems [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] . A significant difference between these existing studies and this paper is in the description of the state. A cellular system is often modeled as a large-scale Markov chain. To reduce the size of the Markov chain, all existing studies used some approximations like the state aggregation. In contrast, we apply the product-form framework of the queueing theory [10] , [11] to cellar mobile systems. This approach allows us to consider the complete state of the system without any state reduction approximations. This framework is also useful in investigating the insensitivity property of the system [12] . This paper is organized as follows. In Section II, we describe the system under consideration. In Section III, we show that the number of users of each cell has the product-form distribution. In Section IV, we consider a cellular mobile system with infinite channels. We show that, in infinite-channel cases, the stationary distribution of the number of calls in progress of each cell has the product form. In Section V, we consider a finite-channel model. We show that, if two minor modifications are made on the model, the joint distribution of the number of calls in progress in each cell has the product form. Thus, under the set of the two modifications (the product-form approximation), the call-and handoff-blocking probabilities are given by the Erlang-loss formula. In Section VI, we evaluate the accuracy of the product-form approximation through several simulation experiments, and find that the Erlang-loss formula is still applicable to the performance evaluation and channel provisioning of cellular mobile systems.
II. N M
We consider a cellular mobile network, which consists of J base stations. Each base station has its own zone, which is referred to as cell. The ith cell has c i channels. A mobile user makes a call using one of channels in each cell. We make the following assumptions on the mobile user behavior:
(1) External arrival. Mobile users arrive at cell i from outside the network following a Poisson process with rate λ 0i . (2) User mobility. A mobile user in a cell independently moves to one of the adjacent cells or departs from the network after his stay in the cell. A mobile user in cell i moves to cell j with probability p i j and departs from the network with probability p i0 . The residing time of the mobile users in each cell is subject to arbitrary distribution. In this paper, F i (t) and h i respectively denote the distribution function and expectation concerning the residing time of the mobile users in cell i. into cell i from one of the adjacent cells, continues calling only when there are available channels in cell i; otherwise, the call is interrupted (hand-off blocking). The active mobile user, whose call is interrupted by hand-off blocking, changes his state to inactive, and will try to make a call again after the inactive period has passed. (7) States of new mobile users. A new mobile user arriving from outside of the network is active with probability ρ and inactive with probability 1 − ρ. The remaining active time (call holding time) of a new active mobile user has the following distribution:
is the equilibrium distribution of G (h) (t). Similarly, the remaining inactive time of a new inactive mobile user has the following distribution:
which is the equilibrium distribution of G (nh) (t).
III. S D   N  M U
In terms of the number of mobile users in each cell, the network model under consideration is equivalent to Kelly (or BCMP) networks where each station has infinite servers [10] , [13] . Thus, the joint distribution of the number of mobile users in each cell has the product form. To be more precise, let L j (≥ 0) be a random variable expressing the number of mobile users in cell j, and let l j (≥ 0) be an outcome of
where 1(A) denotes the indicator function, which is 1 when A is true and 0 when A is false, and (λ 1 , . . . , λ J ) is the solution to the following traffic equation:
Variable λ i in (1) and (2) corresponds to the overall arrival rate to cell i, including both external arrival and internal transitions, and thus a i is the average number of mobile users in cell i.
The marginal distribution of the number of mobile users in
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Note that, although the external arrivals to each cell follow a Poisson process, total arrivals to each cell, including internal transitions, do not. This is because there is some correlation between arrivals and the system due to the feedback; a mobile user departing a cell may return to this cell again.
IV. T S D  T N  C  P: I C C
If each cell has an infinite number of channels, the stationary joint distribution of the number of calls in progress in each cell has the product form. To show this, let N j (≥ 0) be a random variable expressing the number of calls (number of active users) in cell j, and let n j (≥ 0) be an outcome of N j . We also let N def = (N 1 , . . . , N J ) and n def = (n 1 , . . . , n J ). We find that the stationary distribution of N, denoted by π(n)
has the following forms:
Let M j (≥ 0) be a random variable denoting the number of inactive users in cell j, and let m j (≥ 0) be an outcome of M j . The number of inactive users in each cell, M def = (M 1 , . . . , M J ), also has the product form distribution. In addition to this, the joint distribution of N and M, denoted by p(n, m)
, has the product form:
V. T S D  T N  C  P:  C C Next, we consider the finite channel case; that is, where each cell has a finite number of channels. In the finite channel case, call or hand-off blockings occur, which yields the correlation between the behaviors of mobile users. Due to this correlation, the distribution of the number of calls in progress is no longer given by the product form. In this section, we show that, by making two modifications to the model, we can analyze the system in the product-form framework.
A. Product-form approximation: single cell
Firstly, we show that, in the finite-channel case, the model under consideration does not have the product-form distribution such as (3) or (4) . To this end, we consider a single cell where the active and inactive durations are all exponentially distributed. In this case, the state of the system is described by {N 1 , M 1 }, the transition of which is governed by a Markov chain. In the following, we let Fig. 1 . State transition in the finite-channel case: without modification.
Now, we assume that (N 1 , M 1 ) has the following stationary distribution:
Let us consider the time-reversal Markov Chain [11] , the transition rate of which is given bỹ
If the stationary distribution of the original Markov Chain is given by (5), the transition rates in the time-revered network are different from those in the original Markov chain. For example,
which is different with q((n 1 , m 1 ), (n 1 , m 1 +1)). Because of this, the original Markov chain is not quasi reversible [10] , [11] and (5) does not satisfy the balance equation. This fact is also confirmed by the following observation: in the finite-channel case, the transition rates q ((n 1 , m 1 ) , (n 1 , m 1 + 1)) with n 1 < c 1 and q((c 1 , m 1 ), (c 1 , m 1 +1) ) are different. Thus, two paths in the state space, which start (0, 0), go to (1, 1), and return to (0, 0) again, have different probabilities as shown in Fig. 1 . This means that Kolmogorov's criterion [10] is not satisfied and thus the Markov chain under consideration is not reversible. Now, we make the following two modifications on the model:
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[Modification 1] An active mobile user, who enters cell i but meets with hand-off blocking, changes his state into the callsuspending state. The call-suspending user releases the channel and does not change the state until going out from cell i.
[Modification 2]
Call-suspending users in cell i depart from cell i according to a Poisson process with rate ρλ i only when the channels in cell i are all occupied. A call-suspending user, who departs from cell i, goes to cell j with probability p i j or departs from the network with probability p i0 . If he moves to one of neighbor cells, he tries to hold a channel in order to restart the call as soon as he enters there.
With modifications 1 and 2, the transition rate q ((n 1 , m 1 ), (n 1 , m 1 + 1) ) of the Markov chain is always equal to (1 − ρ)λ 01 despite of the value of n 1 .
As shown in Fig. 2 , under the above mentioned modifications, Kolmogorov's criterion [10] is satisfied, and thus the Markov chain governing the transition of (n 1 , m 1 ) is reversible. It is also easy to see that (5) is the stationary distribution of (n 1 , m 1 ) of the original Markov chain under the two modifications. Making modifications 1 and 2 on the model is referred to as the product-form approximation in the paper. The probability that the channels are all occupied is given by the Erlang-loss formula
which is equal to the call-and handoff-blocking probabilities. Remark 5.1: Although Modification 2 is not required in a single-cell model, it is essential in cellular networks. Both modifications are necessary for making the transition of the state quasi reversible [10] , [11] .
Remark 5.2: The departure rate of call-suspending users from cell i is always fixed at ρλ 1 regardless of how many users have encountered hand-off blocking and thus have become call-suspending users so far. This means that the number of call-suspending users does not affect the state transition of the Markov Chain considered in this section. The number of call-suspending users is not a variable describing the Markov Chain. Assuming modifications 1 and 2 is equivalent to that users encountering the hand-off blocking once disappear from the system but appear again in the same cell with a constant rate and immediately move to one of adjacent cells.
B. Insensitivity
In Sec. V-A, we derive the stationary distribution of {N 1 , M 1 } when the residing time, active duration, and inactive duration are all exponentially distributed. Here we show that an insensitivity property holds; that is, (5) 
where, t
and the inequality between vectors means component-wise inequality. F e (t) is the equilibrium distribution of F(t).
Proof: The proof is omitted for lack of the space (please also see Remark 5.5). The insensitivity property of (5) is direct consequence of Theorem 5.3.
C. Product-form approximation: cellular networks
The product-form approximation introduced in Sec. V-A makes the state-transition of the cell quasi-reversible. Thus, we can expect that, under the product-form approximation, the number of calls in progress in each cell has the product form. This conjecture is confirmed by the following theorem.
Theorem 5.4: If the residing time, the active time, and the inactive time are all exponentially distribute, then (n, m) has the following product-form distribution under the productform approximation. from neighboring cells, 7) arrival of suspending users from neighboring cells, 8) active user departures, and 9) inactive user departures. The transition rates by these driving processes from state (n, m), where 0 ≤ n ≤ c, 0 ≤ m, are given below: , m), (n − e i + e j , m) , m), (n + e i , m) 
The balance equation is given by
The direct substitution of (8) into the balance equation confirms that (8) really satisfies the balance equation, which proves the theorem. Remark 5.5: Under the product-from approximation, the insensitivity on the product-form distribution (8) also follows; (8) depends on the residing-time, the active-duration, and the inactive-duration distributions only through their means.
VI. N E A. Network model
To see the accuracy of the product-form approximation, we conducted simulation experiments using the network model depicted in Fig. 3 , which was made of 19 cells. In the simulation, we let h i = 120 min and t h = 3 min, and define the probability p i j and p i0 by the following: Concerning the average inactive duration, we considered two different cases: t nh = 60 min or t nh = 6 min. We assumed that each cell has the same external traffic and the same number of channels (λ 01 = λ 02 = . . . = λ 019 and c 1 = c 2 = . . . = c 19 ). Note that the external arrival of mobile users occurred even in inner cells (for example, cell 1); the external arrival of a mobile user corresponds to the event whereby he switches on his mobile phone.
B. Accuracy of the product-form approximation
In the simulation, we evaluated the call blocking probability by changing a 1 ρ from 0 to 160. The results are shown in Fig. 4 (cell 1) and Fig. 5 (cell 8) . Note that, under the product-form approximation, a i ρ corresponds to the offered traffic of cell i. Thus, we refer a i ρ to as the model traffic in this section.
The figures show that, when t nh = 60 min, the call blocking probability in the simulation and that evaluated by (6) were very close. This suggests that the error caused by the productform approximation is almost negligible when the average inactive duration is much longer than the average active duration. However, when t nh = 6 min, we see some gap between the call blocking probability in the simulation and that by the Erlang-loss formula. This gap was caused by the call requests by hand-off users who meet with hand-off blocking; the product-form approximation neglects this effect. The bound of the error caused by the product-form approximation can be estimated by the following inequality (its derivation is omitted for lack of the space):
where b is the call blocking probability in the simulation and b is the one by the Erlang-loss formula. Figures 6 (in cell 1) and 7 (in cell 8) show the difference in the call blocking probability between the Erlang-loss formula and the simulation. The theoretical bound of the error in call blocking probability, (10) , is also depicted in the figures. The WHITE PAPER of Information and Communications in Japan published by Ministry of Internal Affairs and Communications reported that the average total holding time per contract in a day is 3 min and 16 sec. This report indicates that the case t nh = 6 min (and t h = 3 min) is very unusual, and thus the use of Erlang-loss formula does not yield large error in the estimation of the call blocking probability in usual cases.
C. Equivalent Traffic
The model traffic a i ρ cannot be directly observed because model parameters ρ and h i are generally hard to observe. In actual situations, the following value seems to be used as the load of cell i:
where n i is the average number of calls in cell i and b i is the call blocking probability of cell i. We refer α i to as the "equivalent traffic". Note that α i differs to a i ρ. Figure 8 compares the model traffic with the equivalent traffic of cell 1. The equivalent traffic would naturally takes into account the call requests by hand-off users who encounter hand-off blockings, while the model traffic does not. Thus, the equivalent traffic would enable us to evaluate the call-blocking probability or the necessary number of channels with high accuracy, even for unusual cases like t nh = 6 min. To confirm this expectation, in Fig. 9 , we compared the call-blocking probabilities in cell 1 obtained by the simulation with those evaluated by the Erlangloss formula with the equivalent traffic. Even for the case t nh = 6, both call blocking probabilities are very close.
VII. C
In this paper, we propose a network model for cellular mobile systems and show the analysis in the product-form framework. The model explained in this paper does not consider either the channel reservation for hand-off users [2] or soft-handover used in CDMA systems [6] , [7] . The proposal of the network model that can take into account of these detailed system features remain as a future study.
